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I- (2.5 points)

In the table below, only one of the proposed answers to each question is correct.
Write down the number of each question and give, with justification, the answer corresponding to it.

Answers

N° Questions

The equation:

1 | arccos(3x—1)+arccos X = g

w|nN
N
glw
gl N

is satisfied for x =

z is a complex number.
If

_ : i i it it
2 Z__\/2+ﬁ +'\/2_\/§ ; 4e 4 8e 4 (2++2)e 4 4e 4

then z% =

3 X2 +1 2arctan(a) | 2[a—arctan(a)]| 0 a—arctan(a)

If F is a function defined as :

X
4 F(x)=j 1+t2dt ; 2 2 1
0

N |~

then F'(1)=

A sequence (U,) is defined
as U, =5 and

5 Un+l=J2+Un : 0 2 -1 J2
If (U,) is convergent, then
its limit is:




11- (2.5 points)
In the space referred to a direct orthonormal system (O ; —I>—J) , K J consider the plane
(P) with equation: x + y—z+1=0, the point A (1; 0;-1) and the line (d) defined
as:x=t-1;y=t;z=-t+3 (tisareal parameter).

1) a- Show that the line (d) is perpendicular to plane (P).
b- Determine the coordinates of H, the point of intersection of (d) and (P).

2) Verify that the point K(O =1 O) is the orthogonal projection of A on (P).
3) Denote by (A) the line passing through H, contained in the plane (P) and perpendicular to the
line (KH).
a- Verify that \7(—2 ;1;-1) is a direction vector of the line (A).
b- Write a system of parametric equations of line (A).
4) Consider in the plane (P) the circle (C) with center H and radius+/6 . This circle intersects the line

(A) intwo points T and S. Determine the coordinates of T and S.

I11- (3 points)

Given:
e A bag B; containing one 20 000 LL bill and three 50 000 LL bills.
e A bag B, containing two 20 000 LL bills and two 100 000 LL bills.
e Assix-sided fair die (numbered 1 through 6).

1) The die is rolled once.
If this die shows 5 or 6, one ball is randomly selected from bag B;, otherwise one ball
is randomly selected from bag B, .

Consider the following events:
A : «obtain a 20 000 LL bill»
B : «obtain a 50 000 LL bill»
C : «obtain a 100 000 LL bill»
E : «the die shows the number 5 or 6x».
a- Verify that the probability of the event A is P(A) :% :

b- Which bill is the most probably to be selected? Justify.

2) All bills from By and B, are now placed in the same bag B and the same die is rolled.
If the die shows 5 or 6, then two bills are randomly and simultaneously selected from
bag B, otherwise three bills are randomly and simultaneously selected from B.

a-Verify that the probability to have a total sum less than 80 000 LL is g

b- The total sum obtained is less than 80 000 LL. What is the probability that the die

shows the face numbered 3?



IV- (3 points)
ABCD is a direct rectangle such that AB = 3, 0 E c
AD =2and (E,E)zg[h].

F is the midpoint of segment [BC].

The perpendicular through B to the line (AC) intersects
(DC) atE.
Let S be the similitude that maps A onto B and B onto F.

1)
2)
3)
4)

5)

Determine the ratio (scale factor) k and an angle a of S.

Justify that the image of line (AC) under S is (BE).

Determine the image of (BC) under S. Deduce the point H image of C under S.
Determine the image of the rectangle ABCD under S.

The plane is referred to a direct orthonormal system (A; U,\?) with U= %E and v= %ﬁ
Write the complex form of S, then deduce the affix of its center W.
6) Let M be a point in the plane with affix z=3cos0-+2isin0 (with 0<0< gj :

a- Prove that M moves on an ellipse (T") with center A, having B and D as two of its vertices.
b- Write an equation of (I'") the image of the ellipse (T") under S.

V- (2 points)

In the plane referred to an orthonormal
system (O;T,]),consider the points A(-1;0) :
and B(1;0). Let M(x ; y) be any point in the

plane such that |x|>1 . Denote by K the A"
orthogonal projection of M on the x-axis. /’ /
= e /
Suppose that: MK?Z = AK x BK . Tz /
— <23 /" X
1) Prove that M moves on the A 0 B K

hyperbola (H) with equation X2 —y2 =1

2) a- Find the coordinates of the vertices and foci of (H).
b- Write the equations of the asymptotes to (H).
c- Draw (H)

3) Consider the point G(0;—1) and the parabola (P) with equation y = %xz.
Let L be the common point to (P) and (H) so that x, >0.

Prove that (GL) is a common tangent to (P) and (H).



VI- (7 points)

Part A
Consider the differential equation (E):y'+y=1+x+e™* .

1) Verify that u=x+xe™ is a particular solution of (E).
2) Let y=z-+u where z is a function of x.
a- Form the differential equation (E") satisfied by z.
b- Solve (E') and deduce the general solution of (E).
c- Find the particular solution of (E) verifying y(0) =1.
Part B
Let h be the function defined over R as h(x) =1—xe™.
1) Calculate h'(x) and set up the table of variations of the function h.

2) For all real numbers x, verify that h(x) > 0.

Part C
Let f be the function defined over R as f(x) =x+ (x+1)e*and denote by ( C) its representative

curve in an orthonormal system (O ;T,f); graphical unitis 2 cm .

1) Calculate lim f(x) and lim ) . Give a graphical interpretation.
X—>—00 X—>-o ¥
2) Let (d) be the line with equation y=x .
a- Discuss, according to the values of x, the relative positions of (C) and (d).

b- Show that (d) is an asymptote to (C) at +oo.

3) a- Verify that f' (x) = h(x) and set up the table of variations of the function f.
b- Prove that the curve (C) has an inflection point W whose coordinates are to be determined.
c- Let E be the point on (C) where the tangent (D) to (C) is parallel to the line (d).
Determine the coordinates of E.

4) Prove that the equation f(x) = 0 has a unique root o, then verify that - 0.7 < o0 < - 0.6.
5) Draw (d), (D) and (C).

6) Let g be the inverse function of f, and denote by (G) the representative curve of g in the
system (O T])
a- Draw (G).
b- Solve the inequality In(-g(x)) > 0.

7) Calculate, in cm?, the area of the region bounded by the curve (G), the line (d) and the x-axis.
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Ql Solution G
T 1 2 .
arccos(3x —1) = E —arccosx ; § <x< g ; cos(arccos(3x —1)) = sin(arccos x)
1 2 3 _ 1
3x —1=4/1-x ;thus X =0 or X:g (X =0 rejected ) Or by calculator. (c)
z =—\/2+\/E+i\/2—\/5 ; Z° :2\/§—i\/§:4e7iz
2 7 . (d) 1
OR let 0 = arg(z) then arg (z) = — and|z| = 2 hence z°* = 4e *
8
3 i X dx = 2]1' X’ dx = Zj'[l— ! jdx = 2(a—arctana). (b) 1
I x%+1 o X2 +1 U XA+l
4 | F() = [N1+tdt, F) =v1+x ; F()=v2 @ 1
5 | limu =L, L=+v2+L,L~-L-2=0(L=>0),L=2o0u L=-1(rej) (b) 1
Qll Solution G
la | v,(1,4,-1)=n, then (d) is perpendicular to plane (P). 0.5
1b | t-1+t+t-3+1=0 thus t=1 . H(0,1,2) 1
2 | AK(-1,-11)=-ne and K e (P) 1
3a %:m/\@ OR V(A).mzo et \7(A).\7(d) =0 1
3b | x=-2k, y=k+1, z=-k+2. 0.5
4 |R=+/6; Mec(@)HM =R thenok’ =6, k==1 T(-2,2,1),5(2,0,3) 1
Qlll Solution G
- - -2 1 4 2 5
la P(A):P(EmA)+P(EmA):P(E)xP(A/E)+P(E)><P(A/E):—><—+—><—:— 1.5
6 4 6 4 12
1b | P(B) :% and P(C)=1- [P(B)+P(C)]=% thus the bill 20 000 is the most probable to be obtained. | 1.5
2(Cl) 2(C,xC, ) 4(C | 13
2a | P(S<80000)==| — |+=| —— |+ = — |=— 1.5
3\ C, 6 C 8\ C 84
2b | p(face3/S<80000) = 6 G 1 1.5
13 52

84




Qlv Solution G
A—>B 1 — — T
1 BF = KAB, K==,0 = (AB,BF) = = 05
Bo>F 3 2
2 | S(AC) is a line passing through B and perpendicular to (AC) so it is (BE). 0.5
S(BC) is the line (A) passing through F and perpendicular to (BC)
3 | (AC)—>(BE) 15
thus S(C) =H=(A)  (BE)
(BC) > (A)
4 S(ABCD)=BFHP with P being the fourth vertex of the rectangle BFHP 0.5
5 z':1i2+3, zwzz+gi 1
3 10 10
- - - X - y X2 yZ
6a | 2= 3c0s0 + 2isin® = x + 1y then cosO=—andsin6 = =, thus(I') : —+ —=1
a 3 2 9 1
Center A(0,0). Vertices M(3,0)=B and N(0,2)=D.
1. . (X - 3)2 2
z'==i(x+iy)+3,x=3y5y=9-3x",thus(I'"): ~——+y" =1
3 419
6b . 1
OR : The center of (I"") is B(3,0), the two vertices are F and H such that BF=1 and FH=2/3.
o (x=3)*
Equation : =1
| a9 Y
Qv Solution G
1 | MK =AKxBK ,y =[x -1|x|x+1]=x"-1 ,x* —y* =1 1
2a Rectangular hyperbola. Vertices : A(-1,0) and B(1,0) . Foci: F(\/E ,0) and F'(-\/E ,0). 1
2b | Asymptotes: Y =X, Y=—X. 0.5




2c 0.5
3 y?—2y+1=0 y=1thus x = ++/2. L(~/2,2)is a common point to (P) and (H). .
G(0,-); L(2,0). (GL):y=+2x-1
QVI Solution G
1 uX) =x+xe™* ,uX)=1+e * —xe™* .1+e " —xe * +X+xe ¥ =1+x+e™* thus, u(x) is a 0.5
A solution of the differential equation. '
2a |2'+z=0 0.5
2b | z=Ce™ thusy=Ce ™ +X+xe™ 0.5
2C | y(0)=C=1thusy = x+(x+1)e* 0.5
h(x)=1-xe™, x| o ] oo
h'(X)=—e"+xe ™ = 7,
&) i h*(x) 0
1 | h'(x)>0six>0 1
h(x) +oo\ oo
B lim (X +1)e ™ = —o0 /
Xron 1-1/e
2 | The minimum of h is positive thus h(x)>0 for all real numbers x. 0.5
. . . x . f(x)
lim f(x) =—o0 since lim(x+1)e™ =—o . lim —= =+ thus the curve (C) has an
X—>—00 X—>—00 X—>—0 X
C 1 1

asymptotic direction parallel to y'Oy.




2a

f(x)-y=0+x)e™ . If x=-1, (C) intersects (d) in A(-1,-1), if x>-1 (C) is above (d).

1
If x<-1 (C) is below (d).
lim f(X) =400 since lim 1+—XX =0 and since
2b . e 0.5
lim[f(x)—x]= lim LXX =0 then y=x is an asymptote to (C)
X—>+00 X—>+00 e
3a f'(x) = h(x) thus f'(x) >0 for all x 0.5
3p | F'(X)=h'(x)but h'(x) =0 for x=1 thus W(1,1+2e™) is a point of inflection.. 1
3¢ | f'(x)=1thus -xe* =0so x=0and E(0,1) 1
f is defined, continuous and strictly increasing from -00 to +00 thus the equation
4 | f(x) =0 has a unique root QL . f(-0.7) xf(-0.6) = —0.0958 x 0.1288 = —0.01<0 1
hence 0.7 <a. < -0.6
5 1
6a | (G) is the symmetric of (C) with respect to the line with equation y=x 1
6b | IN(=9(x)) >0;-g(x) >0and —g(x) >1thus g(x)<-1 therefore X e ]—oo, —l[ 1
7 1.5

A= j‘[f (X)-x]= T (e +xe*)dx = 4(e—2)cm’
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