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I- (2points)

Answer each of the following statements by true or false and justify the answer:

(2n 2n
(%] (%]
1) The points A, B and C with respective affixes zp =2, zg =2¢ 3/ and Zc=2¢e 3 are
the three vertices of an equilateral triangle.

(1+iV3) —(1-i3)

2

2) For all nonzero natural numbersn, Z= is real.

| In(x-+1) |

3) For all real numbers x in the interval -1,0 [ ; e =X+1.

4) For every real number b, the equation Inx = -2x + b has a unique solution in the interval ]0,+oo[ :

Il - (2 points)

In the space referred to a direct orthonormal system (O;? TE) consider the two points A (1; 1; 1)

andB(5;2;0).

(P) and (P") are two planes with respective equations (P): x +2y—-2z+3=0; (P"): 2x+y+2z=0.
Denote by (d) the line of intersection of (P) and (P").

Xx = —2t+1
1) Verify that a system of parametric equations of (d) is: {y = 2t — 2 where t is a real parameter.
z =t

2) a- Show that the two planes (P) and (P’) are perpendicular.

b- Calculate the respective distances from B to the planes (P) and (P') and calculate the distance

from B to the line (d).
3) a-Determine an equation of the plane (Q) formed by the point B and the line (d).
b- Prove that (d) and (AB) are skew.
4) a- Calculate the coordinates of E, the point of intersection of plane (P) and the line (AB).

b- Show that the points A and B are located on the same side with respect to the plane (P).



I11- (3 points)

The plane is referred to a direct orthonormal system (O; u,v ). x and y are real numbers such that y = 0.

To every point M with affix z = x + iy , associate the point M’ with affix z’ so that z’ = z° + z.

1) a Provethat(z— Z)(Z*+z2Z +72 +1) =z'— z' whereZ and z' are the respective conjugates of z

and z'.

b- If Z' is real, justify that (z — Z)(z% + 2Z +Z2+1) ==0.
c- Deduce that if Z' is real, then the point M moves on the hyperbola (H) with equation
3 -y +1=0.
2) a- Determine the vertices of (H) as well as its asymptotes.
b- Determine one of the foci of (H) and its associated directrix.
c- Draw (H).
3) Let I be the point on (H) with abscissa 1 and positive ordinate.
a- Write an equation of (T), the tangent at | to (H).
b- The line (T) intersects the asymptotes of (H) at E and G. Prove that | is the midpoint of [EG].

IV- ( 3 points)
In an oriented plane, consider a circle (C) with center O and radius 2 cm.
[AB] is a diameter of (C).
I - ] (© O
I and J are two points of (C) so that (BI , BA) =—3 [27]
and (BA,BJ) --T2r1.
6 A > B

The line (L) is tangent at B to the circle (C).
Consider the direct similitude S with center B that transforms | onto J.
1) Determine an angle of S and verify that its ratio k is+/3 .
2) a- Show that (AJ) is the image of the line (Al) under S.
b- Find the image of the line (AB) under S.
c- Deduce S (A) and then find S (J).
3) Let (C") be the image of (C) under S. Determine (C') and calculate its area.
4)LetS;=S0S, S3=S0S0S,............... , Sh=S0S0S0.0S.

ntimes

n being a natural number (n>2).
a- Verify that S o S is a dilation whose center and ratio are to be determined.
b- Determine, in terms of n, the ratio and an angle of the similitude S, .

c- Find the values of n for which S, is a dilation.

2



V- (3 points)

An urn contains five red balls and five green balls.

Three balls are selected, simultaneously and at random, from the urn.

Consider the following events:
e E. «The three selected balls are red ».
e F. « Among the three selected balls, there are exactly two red balls ».
e S: « Among the three selected balls, there is at most one red ball ».

1) Calculate the probabilities P (E), P (F) and P (S).

2) In this question, a game runs in the following way:

A player selects, simultaneously and at random, three balls from the urn.

e |f the event S occurs, the player gains nothing and the game ends.

e If one of the two events E or F occurs; then the player selects a new ball from the seven

remaining balls:
- If this selected ball is green, the player gains 10 points.
- Otherwise, the player gains 2 points.

Consider the event T: « The player gains ten points ».

a- Calculate P (T/E) and P (T/F).
- : 25
b- Prove that the probability P (T) is equal to a

c- The player gains 10 points. What is the probability that the three selected balls are red?
d- Denote by X the random variable equal to the score of points of the player.

Determine the probability distribution of X and calculate its expected value E(X).
3



VI — (7 points)
A-
Consider the differential equation (E): y"—4y'+4y =4x—4 where y is a function of x.

Lety=z+X.
1) Find the differential equation (E") satisfied by z.
2) Solve (E'") then deduce the general solution of (E).

3) Determine the particular solution of (E) whose representative curve in an orthonormal

system (O T]) has at the point G with abscissa 0 a tangent with equationy = x —1.

B-
Let g be the function defined on R as g(x) = 4xe® +1.

1) Determine g'(x) and set up the table of variations of g.

2) Deduce the sign of g(x).
C-

In what follows, let f be the function defined on R as f(x) =x+(2x —1)e2x and denote by (C) its
representative curve in the system (O T]) .

1) a- Show that the line (d) with equation y = x is an asymptote to (C),
b- Study, according to the values of X, the relative positions of (C) and (d) and specify the
coordinates of A, their point of intersection.

c- Determine lim f(x) .

2) a- Verify that f' (x) = g(x) and set up the table of variations of f.
b- Prove that (C) intersects the x- axis at a unique point K with abscissa o then verify that
0.40 <a<0.41.
c- Draw (C).
3) The function f has over R an inverse function h. Denote by (H) the representative curve of h.
a- Show that A is on (H) and find an equation of the tangent to (H) at A.
b- Draw (H) in the same system as (C).

c- Calculate I(Zx —1e™dx and deduce the area S of the region bounded by (H), the x- axis and
the line (d).
4) Let n be a natural number such that n > 2.
a- Use mathematical induction to prove that f™ (x) = 2"[2x + n— 1] €%, where f™is the "
derivative of the function f.
b- Study the sense of variations of the sequence (U,) whose general term is U, = ™ (0).
c- Show that the sequence (U,) is not convergent.
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Q Answers M
The 3 complex numbers have the same modulus 2, then the points A, B and C are on the same circle with center and
2
! radius 2. Also, E\B = EC = @A = ?n thus the points A, B and C are the vertices of an equilateral triangle . True !
2 L-i \/§) " is the conjugate of (1 +i \/§) ", thus Z is pure imaginary. False 1
_ 1
3 | For —1<x<0 0<x+1<1 In(x+1) <0 thenf(x)=e '”(X+1):—1 False 1
X+
Considering the function f defined over]0 ; +oo [ by f(x) = Inx + x —b.
1 .
f'(X) ==+1 f'(x) >0 then fis strictly increasing with limf(x) = —0
4 X x—0 1
: . In x b _ . o
and lim f(x) = lim x| —+1—— | =+, thus the equation f(x) = 0 has a unique solutionin [J . True.
X—>+00 X—>+0 X X
Q2 Answers M
M is a variable point on (d), hence X =—2t+1, yy =2t—2and z, =t.
1 XM +2YM —2Zp +3=-2t+1+4t—4-2t+3=0;then (d) lies in (P). 05
2Xpm +YM 22y = 4t+2+2t-2+2t=0; then (d) lies in (P).
Hence, (d) is the line of intersection of (P) and (P").
2a | Np (1;2-2), Ny (2 1:2). Nplny =2+2—4=0; thus (P) and (P') are perpendicular. 05
5+4+3] [10+2]
d;=d (B —(P)) = T:A d,=d (B —(P)) = T:4. A
2h (P) and (P') are perpendicular. 1
[d (B—(@)]”= df +dj =32; I
d(B—(d) =4~2 .
Or by direct calculation.
Forz=0; G (1;-2;0) (d), Q (<2;2;1) andG—B(4;4; 0).
X-1vy+2 z
3a | et M(x; y; z) be any point on (Q), then WD(GTB A \Td) =| 4 4 0/=0. 0.5
-2 2 1
An equation of (Q)isx—-y+4z—-3=0.
A(1;1;1), B(5;2;0), G(1;,-2;0)(d) , F(-1;0;1) e(d)
4 1 -1
3b AB.(AGAGF)=| 0 -3 —1|=4=0;(AB)and (d) are skew. 05
-2 2 1
OR If (AB) and (d) were coplanar, then A € (Q) but xa-yg+4z,-3# 0 and B € (Q) and (d) < (Q). Thus, (AB) and (d)
are skew.
Ec(AB);E (4k+1;k+1;-k+1);Ee(P)then Xg +2yYg —2Zg +3=0;
4a 0.5
Therefore k = —1 and E (- 1; 1 ;E).
2 2 2
= .1 1 = 3 3. - == 3 3 27
EA@;=;-=)and EB(6; —;-—); EA . EB =12+—+—=—>0.
4b @5i=3) ©2i-3) 1717 05

Hence, the two points A and B are located in the same side with respect to (P). OR EB=3EA .




Qs M
12 | (7-2)(22+22+2 +1)=22+727+27% +2-72% —27° -7 _7=-7_-7 0.5
1b Z'isareal ;z' = 7' hence 7-7' =0 then (Z—E) (z2 +ZE+EZ+2+E+1) =0. 0.5

Z'is a real number, then z—z =0 : which givesz=7, and y = 0 to be rejected.
16 | OR22422+2°+ 242+1=0 — 3¢ — y? + 2x + 1 = 0 with y = 0. Hence, M belongs to curve (H) with equation 1
3 -y’ +1=0.
XZ
3x%-y*+1=0 —> y*-3x’=1 —> y?- — =1. The vertices are A (0 ; 1) and A’ (0 ;-1). The asymptotes have the equations :
2a 1 1
3
(L) :y= —\/§x and (L") : y:\/gx
) 23 . . . .
2b | ¢’= 3 then F(0, T) and the associated directrix has an equation y= - 0.5
2c 0.5
2 2 . 3x 3 _ 3 1
3a 3x°-y“+1=0 gives 6x-2yy’=0 thus, y’=— = E . The equation of the tangent (T) is y= E X+ E 1
y
E=(T) N (L): 2x/3 -3x=1 then xe= L 6= (T) A (L) gives xo= L
= . -OX= E= L= N
23-3 —23-3
3b 1
Xet+Xg= L + L =2=2x,. And since E, G and | are collinear , then | is the midpoint of [EG]
ETXG= ==X ' ' :
23-3 -23-3
Q4 Answers M
S=sim (B; k;a): | ——>J.
= 57 T T e
1 a=(BlI,BJ)=( Bl , BA)+(BA , BJ ):—g—g:—a (mod2r). 1
T T
triangle 1BJ is semi equilateral since 1B = 2 andJIB = 3’ then k = % =tan g =/3.
2a S ((AD)) is the line passing through the point J = S (1) and perpendicular to (Al), S ((Al)) = (AJ) 05
since AJBI is a rectangle. '
2b | S((AB)) is the line passing through the point B = S(B) and perpendicular to (AB), S ((AB)) = (L). 0.5
A e (Al) > S(A)=A"eS(Al) = (A)) .. ) ] )
o , Ais the point of intersection of (AJ) and (L).
2¢ A e (AB) - S(A) = A’ e S(AB) = (L) 1
e S (J)=J. AlBJis adirect rectangle therefore A'JBJ' is a direct rectangle.
e (O)is the circle with diameter [AB], S ((C)) = (C") which is the circle with diameter
3 S [AB] =[A'B]. 1

2 2 2
° A(Cl)Zk A(C)=3TCX2 =12nu”.




4a SoS=Sim(B,3,- ) thus, S o S= dilation (B,-3). 0.5
4b sn:sim(B;(ﬁ)”;—ng). 0.5
4c S, is a dilation if and only if —n g = kn ; then n = -2k (k<0); n is even. 1
Q5 Answers M
3 2 1 3 1 ~2
P(E) ZC_S =i- P(F) =—CS ><3C5 =£. P(S)=P(3G or 1R and 2G)= C?':'_’ + C5'?f35 = 10 + 50 = 1
1 C, 12 Ch 12 Cio Cio 120 120 2 15
OR p(S)=1-p(E)-P(F)= 1-i— > 1
PR 12 12 2
5 4
2a P(T/E)=P (1green ball/E) :7 . P(T/F) :? 1
2 | P(T)=P(TAE)+P(TAF)=P(T/E)xP(E)+P(T/F)x F>(F)_§ 1,343 1
12 12 7 8
5,1
2 |pem=PECT) 7 12 1 1
P(T) % 5
84
X (£2)={0;2;10}
P(X=0)=P(S)= 1 P (X=10) = P(T)—é P(X=2)=1-[P(Y=0)+P (Y=10)] = E
2d 2 84 84 15
)= X;xp; =0x= +2><E 10x §=ﬁ E(X) = &:3.38.
84 84 84 84
Qs Answers M
Al | y'=z'+1, y"=7" then 7"-47"-4+4z+4x=4x-4 thus, 7"-42'+4z=0. 0.5
A2 C.E. : r*-4r+4=0. double root r=2 General solution of (E'): z= (ax+b)e™. Hence, y= (ax+b)e™+x 1
f(0)=-1 anf f'(0)=1 then b=-1.
A3 £ (0=1+ae 2X 2X v _ _ - 2X !
(X)=1+ae =" +2(ax+b)e =" so f'(0)= 1+a+2b=1 thus a=2. Hence, f(x)= x+(2x-1)e
g()=41+20. | x |_-o _% v
B1 g'(x) - 0 + 1
1 + o0
w | T L2 /
€
B2 g(x) has a positive minimum hence g(x) > 0 for all x. 0.5
lim £(x)= lim (< + (2x —1) €)= lim (x + 2xe™ ™ )= —0+0+0=—
Cla X—>—00 X—>—00 05
lim (f(x)-x)= lim (2x-1) e?X 0. Hence the line (d): y = x is an asymptote to (C) at — oo .
X—>—00 X—>—00
2x 1 1 . . 1 1
f(x) -y =(2x —1)e“*=0for x = —=. Hence for x ==, (C) and (d) intersect at point A (= ;=) ;
Clb 2 2 2 2 1
1 1
Ifx< E then (C) is under (d); and if x > E then (C) is above (d).
Clc lim f(x)= lim (x + (2X —1) ezx):+oo. 05

X—>+00 X—>+00




£ (x)=1+262% +2¢ 2X (2x-1)= g(x).

C2a X |7 T 1
f'(x) +
+00
) | //
C2b Over [J , fis continuous and strictly increasing from —oo to +oo then f(x) = 0 has one and unique solution. Moreover, 1
£(0.4) x f(0.5)=—0.045%0.5 <050 0.4< o <0.5.
. F(x . 2x -1
lim ) _ lim [1+—=e? =+
X—>+0 X X—>+0 X
Hence (C) has at + o0 an asymptotic direction
C2c | parallel to the y-axis. 1
A =(C)N(d); so Ais its own symmetric with respect to (d) hence A belongs to (H).
1 1) 1 1 1) 1
C3a |y=—<| X—= |+==——| X—= [+—=. 1
£ 1 2) 2 2e+l 2) 2
2
C3b (H) is the symmetric of (C) with respect to (d).(See figure) 0.5
2X 1 2X . .
Letu=2x-landv'=e” sou'=2and V= Ee which gives :
2Xx 1 2x 2Xx 2Xx
J.(Zx -1)e*dx ==(2x-1)e —J'e dx =(x-1)e* +c.
C3c 2 15
Using symmetry, the required area S, is that area S’ of the region bounded by (C), line (d), and the y — axis.
0.5 05 05 e—2 e-2
s= [ (x=f(x))dx= [ (1-2x)e?* dx =[ 1-x)e™ | == " Hences='= =St
0 0
Leta,=2"[2x+n—1]e®.  Forn=2; f "(x) = 4(e” +2xe™) = 4(2x + 1) e*.
a, = 4(2x + 1) €. True forn = 2.
Assume that f ™ (x) = a, and prove that f ™% (x) = ay.1.
Cda
£ (x) = [FO] (x) =2"[2 +2(2x+ n — 1)] ¥ = 2" [4x +2n] ** = 2™ [2x +n] e = 4. 1
True forall n > 2.
cap | U=2 (-1 05
Upi— Uy =2"n) 2" (n—1) = 2" (2n—n +1) = 2" (n +1) > 0 ; (U,) is strictly increasing. )
Cac 0.5

2>1then lim 2" =+o0 thus, lim U, = lim 2"(n—1) = +o0, hence (U,) is not convergent.

n—o n—oo nN—o0
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